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By calculating the response function, we study the Hawking radiation of
massless Dirac elds in the (2+1)-dimensional black hole geometry. We nd
that the response function has Planck distributions, with the temperature
that agrees with the previous results obtained for the scalar eld cases. We
also nd the Green's functions in (2+1)-dimensional Einstein static universe









One of the fascinating aspects of (2+1)-dimensional quantum eld theories
is the bose-fermi transmutation [1]. It appears when the matter elds are
coupled to the U(1) Chern-Simons gauge eld. It would be interesting to
see whether the similar phenomena appear in other theories and situations
as well. Sometime ago Takagi has shown [2] that in the Rindler background,
the detector observes the Hawking radiation with transmuted statistics de-
pending on the number of space-time dimensions.
Recently it has been observed [3] that the response function for the scalar
eld in the (2+1)-dimensional black hole background has Fermi-Dirac distri-
bution, while the expectation value of number operator, < N >, shows [4]
Planck distribution.
The underlying physical reason for these phenomena is not understood
yet, however, just like in the case of Rindler background, it may be the
universal features in the (2+1)-dimensional black hole physics.
In this paper we study the response function for the Dirac elds in the
(2+1)-dimensional black hole geometry and show that the distribution is
Planckian, and thus extend the statistics ip phenomena to the Dirac elds.
We rst compute nd the Green's functions in the Einstein static universe
(ESU) and anti de-Sitter space (AdS). We then we use the method of images
to calculate the Green's function in the black hole geometry, by using the
fact that the black hole space-time is given by identifying points in AdS with
space-like Killing vector. This method has been used in [3] to calculate the
Green's functions in the (2+1)-dimensional black hole geometry.
The response function is given by the Fourier transformation of the Green's
function. The general form is too complicated to compute exactly, hence we
restrict ourselves in the limiting case of large black hole mass M with the
detector in the asymptotic region.
This paper is organized as follows. In section 2 we briey review the
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geometry of (2+1)-dimensional black hole. In section 3 we calculate the
Green's functions in the ESU, AdS and black hole space-time. In section 4
we calculate the response function and show that it is Planckian. In section
5 we draw some conclusions.
2 The Geometry of the (2+1)-dimensional Black
Hole
The Ban~ados-Teitelboim-Zanelli(BTZ) metric [5] for three-dimensional






































and l is related to the cosmological constant by  =  l
 2
.
























where ' is identied with a period 2. This coordinate system covers the




























































with identication ' ! '+ 2n.
On the other hand, the parametrization which covers the whole AdS space
is given by
v = l tan  cos ;
w = l sin  sec ;
x = l cos  sec ;
y = l tan  sin ; (7)







































conformal factor, is given by 
 = l sec.
AdS is well-known to have not only a closed time-like curve, but also a
time-like boundary at spatial innity through which information can propa-
gate.
To avoid the closed time-like curves, we consider the universal covering
space of AdS (CAdS) in which  takes any real value [6].
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One way to resolve the problem of time-like boundary is to follow the
prescription of [7], i.e, to take the Cauchy surface as a pair of surfaces
f; 0    =2g and f + ; 0    =2g in CAdS, which are causally
disconnected. It has been used in [4] to study the Hawking radiation of
scalar eld. In this paper we follow another prescription in which appro-
priate boundary conditions at innity,  =

2
, are taken. We will explicitly
construct the Green's functions in AdS and black hole space-time which sat-
isfy either Dirichlet, 	( =

2






) = 0, boundary
condition.
3 Green's functions in the (2+1)-dimensional
black hole
In this section we derive Green's functions of the massless two component


































denote the dreibein and spin connection, respectively. We

































In order to calculate the Green's functions in black hole space-time, we start










































. The mode solutions for these
coupled equations are, so-called, spin-spherical harmonics (or generalized























where ! = l+
1
2
; l 2 Z +
1
2
;  l  m  l: These spin-spherical harmonics are



















 m j;  =j 
1
2
+m j; s = l  
1
2
( + ): (18)


















2n + +  + 1
 (n + + 1) (n +  + 1)










One may understand this as follows. The spatial part of ESU is 2-sphere,
S
2
. Killing vectors in this S
2
are nothing but the generators of angular
momentum SU(2). For the spin-half elds, we need to consider the total
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. In this way one can easily generalize to higher spin elds in
(2+1)-dimensional ESU. For example, the mode solutions for spin-1 elds
are given by vector spherical harmonics.
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(1 + cos )
1
2

































































In eq.(26), which holds for  1 <  < 1 and j z j< 1; we give 4 an
innitesimal negative imaginary part, i.e. 4   i", and the square root
q
(cos4   cos ) is dened with a branch cut along the negative real axis
and the argument in it is between ( ; ).






































satisfy Neumann (+) and Dirichlet ( ) boundary conditions, respectively.
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The Green's functions in AdS can be derived from the Green's functions










 = l sec: (30)

























One can easily nd the Green's functions in the black hole space-time, which
is constructed from (2+1)-dimensional AdS by identifying '! '+ 2n: By
using the method of images the Green's function G
BH
in black hole space-



































4 The Response Function
In this section we calculate the response of DeWitt point-like detector [2, 11]





 (x( )) (x( )); (34)
where M is the monopole operator of the detector, and  is the detector's
































S( )d( ); (36)
with S(   
0
) < 0 j
 






)) j 0 > :
Using Wick's theorem S(   
0
) can be expressed as,
S(   
0




); x( ))]: (37)
After performing the Fourier transformation, F
T
































(4 ) = G
(i;j)
(x( ); x( +4 )): (40)
We consider the two point functions G
+
which satisfy Neumann boundary
condition. The detector's motion is chosen to be stationary in the black


























are killing vector elds in the black hole geometry. In terms of























































































































(1 + cosh z)
1
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In the limit 
n



























































































































































































and, after performing the innite sum, the response function can be written
as


















































where C is a constant. In the limit T ! 0, which is the case in the asymptotic
region, or in the limit ! !1, the response function becomes



























This response function clearly shows that the distribution is thermal, with
the temperature T , and furthermore it is Planckian.
5 Conclusion
In this paper, we have studied the Hawking radiation of Dirac elds in the
(2+1)-dimensional black hole, by calculating the response function of the
DeWitt point-like detector. By way of the calculations, we have also obtained
the Green's functions in ESU and AdS. The Hawking temperature for Dirac
elds agrees with the one obtained from the scalar eld case [4].
Most notably, we have found the Planck distribution for Dirac elds in
the (2+1)-dimensional black hole background. This shows that statistics
ip phenomenon of the response function is a rather general feature of the
Hawking radiation. However, we should point out that the expectation value
of the number operator, < N > does not show such statistics ip as has been
shown in ref. [4], in the case of scalar eld. It is not yet clear how we should
interpret these results physically.
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